In this paper, we present a new method for analyzing a fuzzy multi objective transportation problem using a linear programming model based on a new method for ranking generalized LR fuzzy numbers. First, we present a new method for ranking generalized LR fuzzy numbers from its λ-cut.To the best of our knowledge till now there is no method in the literature to find the ranking order of the generalized LR fuzzy numbers to various linear and non-linear functions of LR fuzzy numbers from its  -cut based on area, mode and spread. Our method can efficiently rank various LR fuzzy numbers, their images and crisp numbers which are consider to be a special case of fuzzy numbers (normal/nonnormal, triangular/trapezoidal, and general), which could not be ranked by the existing ranking methods. Our ranking method also satisfies the linearity property condition. For the corroboration, we used some comparative examples of different existing methods to illustrate the advantages of the proposed method.The reference functions of LR fuzzy numbers of fuzzy multi objective transportation problem are considered to be linear and non-linear functions. This paper develops a procedure to derive the fuzzy objective value of the fuzzy multi objective transportation problem, in that the fuzzy cost coefficients and the fuzzy time are LR fuzzy numbers. The method is illustrated with an example by various cases.
Introduction
Transportation models play a significant role in logistics and supply chain management for reducing cost and time, for better service. In today's dynamic market the demands on organizations to find improved ways to create and deliver value to customers becomes stronger. How and when to send the products to the customers in the quantities which they want in a cost-effective manner, become more challenging. To meet this challenge transportation models endow with a powerful framework. They ensure the competency movement and timely accessibility of raw materials and finished goods. Efficient algorithms had been developed for solving the transportation problem when the cost coefficients and the supply and demand quantities are known exactly. In real world applications, these parameters may not be presented in a precise manner due to uncontrollable factors. Bellman and Zadeh [1] and Zadeh [2] introduced the notion of fuzziness to deal with imprecise information in making decisions. The solutions obtained by fuzzy linear programming were always efficient is proved by Zimmermann [3] and its fuzzy linear programming had developed into several fuzzy optimization methods for solving transportation problems. Several researchers had been making rigorous investigations on multiobjective transportation problem. Optimization of multiobjectives transportation problems was presented by Lee and Moore [4] . A bicriteria transportation problem was presented by Aneja and Nair [5] . Multiobjective linear transportation problem procedure which generates all nondominated solutions were presented by Diaz [6 ,7] and Isermann [8] . Bhatia et al. [9, 10] , Gupta [11] , Prasad et al. [12] , Li et al. [13] , Liu and Zhang [14] studied the time-cost minimizing transportation problem. The fractional function is one of the objectives in the multiobjective transportation problem. Swarup [15] , Sharama and Swarup [16] , Chandra and Saxena [17] studied that the multiobjective transportation problem which also relates to the fractional transportation problem. Bit et al. [18] consider a k-objective transportation problem fuzzified by fuzzy numbers and used  -cut to obtain a transportation problem in the fuzzy sense expressed in linear programming form. Chanas and Kuchta [19] used fuzzy numbers of the type L-L to fuzzify cost coefficients in the objective function and  -cut to express the objective function in the form of an interval. Hussien [20] studied the complete set of  -possibility efficient solutions of multi objective transportation problem with possibilistic co-efficients of the objective functions. Li and Lai [21] proposed a fuzzy compromise programming approach to a multi objective linear transportation problem. For rating and ranking multiple aspect alternatives using fuzzy sets was presented by Bass and Kwakeernaak [37] . For the ranking of fuzzy numbers a number of ranking approaches had been proposed. A ranking procedure for ordering fuzzy sets in which a ranking index was calculated for the LR fuzzy number from its λ-cut was proposed by Yager [38] , it cannot rank generalized LR fuzzy numbers, but by the proposed method we can overcome the limitations and shortcomings of the existing method and the proposed method is relatively simple in computation and is easily logical. Liou and Wang [26] presented a method for ranking fuzzy numbers with integral values. Abbasbandy and Asady [23] , Asady and Zendehnam [28] proposed that a fuzzy number is mapped to a real number based on the area measurement. A new approach for ranking fuzzy numbers by the distance method and the coefficient variance (CV) index method proposed by Cheng [27] had some drawbacks(for account see Examples 1 and 2 as mentioned in section 4 of this paper). For ranking fuzzy numbers with an area between the centroid points of fuzzy numbers and the original point was proposed by Chu and Tsao [22] to over come the drawbacks that are existing in Cheng [27] ,but their approach still had some drawbacks (for account see Example 3 as mentioned in section 4 of this paper). Wang and Lee [29] made a revision on ranking fuzzy numbers with an area between the centroid and original points to improve Chu and Tsao's approach [22] . Though some improvements are made, Wang and Lee's approach cannot still differentiate two fuzzy numbers with the same centroid point (see Example 3 as mentioned in section 4). Wang et al. [30] proposed an approach to ranking fuzzy numbers based on lexicographic screening procedure and summarized some limitations of the existing methods (see Table 2 in Ref. [30] ). However, Wang et al's approach can not differentiate these kinds of fuzzy numbers as shown in Example 3 in Section 4 of this paper, as most of the existing approaches do. To overcome the limitations of the existing studies and simplify the computational procedures, we define a new ranking approach to various linear and non-linear functions of LR fuzzy numbers from its  -cut and also uses mode and spreads in those cases where the discrimination is not possible is proposed. Based on the propoed fuzzy ranking method, we present a method for dealing with fuzzy multi objective transportation model uses linear programming. In this paper, we consider fuzzy multi-objective transportation problem with fuzzy parameters in the case of the transportation process. Here, we let ij c to be a fuzzy cost for shipping one unit product from i th source to j th destination, ij t to be fuzzy time from i th source to j th destination. Here, the fuzzy cost coefficients, the fuzzy times are LR fuzzy numbers. By assigning a weight to the objectives according to their priorities the single objective function is obtained. Then, by using the proposed ranking method, transform a newly formed single objective fuzzy transportation problem to a crisp transportation problem in the linear programming problem form and it can be solved by any conventional method.
The rest of the paper is organized as follows : In section 2 preliminaries of LR fuzzy numbers,  -cut of LR fuzzy number, reference functions and their inverses are presented. In section 3 new ranking approach to various linear and non-linear functions of LR fuzzy numbers from its  -cut and also uses mode and spreads in those cases where the discrimination is not possible is given and an important result like linearity of ranking function which is the basis for defining the ranking procedure in section 3.1 is discussed and proved. In section 4, we compare the ranking results of the proposed method for various cases with the existing methods.In section 5, linear programming model for fuzzy multi objective transportation model to various linear and non-linear functions with generalized LR fuzzy numbers is discussed and, the proposed method to solve the total optimal fuzzy cost, and fuzzy time for fuzzy multi-objective transportation problem using linear programming is discussed with a numerical example and total optimal fuzzy cost, and fuzzy time for various cases are presented. Finally the conclusion is given in section 6.
Preliminaries
In this section, LR fuzzy numbers,  -cut of LR fuzzy number, reference functions and their inverses are presented.
LR fuzzy numbers and reference functions
In this section, LR fuzzy number,  -cut of LR fuzzy number, reference functions and their inverses are reviewed [38] .
is said to be an LR fuzzy number if Linear reference functions and nonlinear reference functions with their inverses are presented in Table I . 
New ranking approach to various linear and non-linear functions of LR fuzzy
Numbers from its  -cut based on area, mode and spread.
In this section, new ranking approach is presented for the ranking of LR fuzzy numbers. This method involves a procedure for ordering fuzzy sets in which a ranking approach   Ã R is calculated for the fuzzy number
Proposed ranking Method
The Centroid of a trapezoid is considered as the balancing point of the trapezoid (Fig.1) . Divide the trapezoid into three triangles as APC, QCD and PQC respectively. Let G1 be the Centroid of the triangle APC, G2 be the Centroid of the triangle QCD and G3 be the Centroid of the triangle PQC. The Centroid of the Centroids of these three triangles is taken as the point of reference to define the ranking of generalized trapezoidal fuzzy numbers. The reason for selecting this point as a point of reference is that each Centroid point is a balancing point of each individual triangle, and the Centroid of these Centroid points is a much more balancing point of a generalized LR fuzzy number. Therefore, this point would be a better reference point than the Centroid point of the trapezoid. 
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The ranking function of the generalized LR fuzzy number
is calculated from the extreme values of  -cut of Ã , rather than its membership function, it is not required knowing the explicit form of the membership functions of the fuzzy numbers to be ranked. That is unlike most of the ranking methods that require the knowledge the membership functions of all fuzzy numbers to be ranked. This centroid of centroid index is still applicable even if the explicit form the membership function of the fuzzy numbers is unknown.
The ranking indexes for Eq. (4) with various linear and non-linear functions are:
The Mode (M) of the generalized LR fuzzy number
, by using the ranking indexes for Eq.(4) with various linear and non-linear functions, and using the equations from (5) (6) (7) (8) , is defined as follows
Step 1:
The comparison is not possible, then go to step 2.
Step 2: Find    
The comparison is not possible, then go to step 4.
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Step 4: Find
The comparison is not possible, then go to step 5.
Step 5: Examine 
3.2.
In this section an important result which is the basis for defining the ranking procedure in section 3.1 is discussed and proved. 
Similarly, the result can be proved for the case (ii) k1 > 0, k2 < 0 and case (iii) k1 < 0, k2 > 0.
A comparison of the ranking results of the proposed method for various cases with the existing methods
In this section, some numerical examples from the existing literature and two proposed examples and the comparative study with figures are used to illustrate the proposed method for ranking generalized LR fuzzy numbers using λ-cut, for various cases is given.
Example1.
Consider set 1 with two fuzzy numbers [22] ,
, as shown in Fig. 2 .
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By using various ranking indexes with various linear and nonlinear functions as defined in section 3.1 the ranking order of Ã and B in all the cases is B Ã  , the ranking results by the proposed method is given in Table II . From Fig. 2 of set 1 , it can be seen that the result obtained by our approach is reliable with human instinct. However, by the CV index proposed by Cheng [27] , the ranking order is B Ã  , which is unreasonable.
Example 2.
Consider set 2 with three fuzzy numbers [23] ,
, and Table II . However, by Chu and Tsao's approach [22] , the ranking order is Ã C B   . Cheng [27] , proposed CV index, through is approach the ranking order is C B Ã   . From Fig. 2 , of set 2, it is easy to see that the ranking results obtained by the existing approaches [22, 27] are unreasonable and are not consistent with human intuition. On the other hand, by Abbasbandy and Asady's approach [23] , the ranking results is Ã B C   , which is the same as the one obtained by our approach. However, our approach is simpler in the computation procedure.
Example 3.
Consider set 3 with two fuzzy numbers [24] , Fig. 2 . By using various ranking indexes with various linear and nonlinear functions as defined in section 3.1 the ranking order of Ã and B in case(i-ii) is     B R Ã R  therefore by using Eq. 6 and Eq. 7 we get the result as B Ã  and in case (iii-v) the ranking order is B Ã  , the ranking results by the proposed method is given in Table II The ranking results by the proposed method is given in Table II . The ranking result by the proposed method and the ranking results of the existing methods [22, 25, 27, 31, 35 ] the ranking order is Ã B C   which is the same as the one obtained by our approach. However, our approach is simpler in the computation procedure. The ranking results of other approaches are given in Table III . By the CV index approach [27] , the ranking order is B C Ã   , which is counter-intuition (see set 4 of Fig 2) . , both the ranking orders is counter-intuition (see set 5 of Fig 2) .
Example 5.
Consider set 6 with two fuzzy numbers [26] ,
as shown in Fig. 2 .
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By using various ranking indexes with various linear and nonlinear functions as defined in section 3.1 the ranking order of Ã and B in all the cases is B Ã  , the ranking results by the proposed method is given in Table II . Liou and Wang [26] approach obtained the different ranking order when different optimistic indices are adopted. Chu and Tsao [22] approach obtain the ranking order as B Ã  which is same as the proposed approach. But our approach is simpler in the computation procedure. By Deng et al. [36] approach the ranking order is B Ã  . From Fig. 2 of set 6, we can conclude that B Ã  is more consistent with human intuition. Fig. 2 . By using various ranking indexes with various linear and nonlinear functions as defined in section 3.1 the ranking order of Ã and B in all the cases is B Ã  , the ranking results by the proposed method is given in Table II . Therefore the proposed ranking method can rank fuzzy numbers with different heights and it can rank crisp numbers also. Yager [38] , cannot rank generalized LR fuzzy numbers, but by the proposed method we can overcome the limitations and shortcomings of the existing method and the proposed method is relatively simple in computation and is easily logical. Till now in the existing literature there are no ranking methods to rank L-R fuzzy numbers with different heights. 
Linear Programming Model for Fuzzy Multi Objective Transportation Model
In this section, Fuzzy multiobjective transportation model with fuzzy cost and fuzzy time, mathematical formulation of fuzzy multiobjective transportation model is presented and we apply the proposed ranking method to solve the total optimal fuzzy cost, and fuzzy time for fuzzy multiobjective transportation problem using linear programming to various linear and non-linear functions with LR fuzzy numbers, so as to minimize the fuzzy cost, and fuzzy time . Generally the fuzzy transportation problem is to transport various amounts of a single homogeneous commodity that are initially stored at various sources, to different destinations in such a way that the total fuzzy transportation cost is a minimum. Let there be m sources, i th sources possessing i ã fuzzy supply units of a certain product, n destinations (n may or may not be equal to m) with destination j requiring j b fuzzy demand units. Cost of shipping of an item from each of m sources to each of the n destinations are known either directly or indirectly in terms of mileage, shipping hours, etc. If the objective of a transportation problem is to minimize fuzzy cost, and fuzzy time, then this type of fuzzy problem is treated as a fuzzy multiobjective transportation problem. Here, we consider fuzzy transportation problem with two objectives in the following form of m  n fuzzy matrix (Table IV) where each cell having a fuzzy cost   
The total optimal fuzzy solution for fuzzy multiobjective transportation problem
In this section, the proposed method to solve the total optimal fuzzy cost, and fuzzy time for fuzzy multiobjective transportation problem using linear programming as follows:
Step 1: First test whether the given fuzzy multiobjective transportation problem is a balanced one or not. If it is a balanced one (i.e., sum of supply units equal to the sum of demand units) then go to step 3. If it is an unbalanced one (i.e sum of supply units is not equal to the sum of demand units) then go to step 2.
Step 2: Introduce dummy rows and/or columns with zero fuzzy costs, and time so as to form a balanced one.
Step 3: Consider the fuzzy linear programming model as proposed in section 5.1.
Step 4 

by using the ranking procedure as mentioned in section 3.1 for the chosen fuzzy multiobjective transportation problem.
Step 6: For the values obtained in step 5, and using the assigned values of w1 and w2, the multi objective transportation problem is converted into a single objective crisp transportation problem as follows:
where Qij is a constant.
Step 7: To find the optimal solution {xij}, solve the crisp linear programming problem obtained in step 6 by using software like TORA.
Step 8: Find the optimal total fuzzy transportation cost, and total fuzzy transportation time by substituting the optimal solution obtained in step 7 in the objective function of step 3. In the following, we use the proposed method to deal with the fuzzy multiobjective transportation problem To illustrate the proposed model, consider a case of transportation process with three sources and three destinations, as a fuzzy multi objective transportation problem so as to minimize the fuzzy cost, and fuzzy time. The cost coefficients, the time, the supply and demand in fuzzy multi objective transportation problem are considered as LR fuzzy numbers. The fuzzy multiobjective transportation problem with fuzzy cost, fuzzy time, and fuzzy supply and fuzzy demand is shown in Table V and it is solved by using various cases. The total optimal fuzzy cost and fuzzy time for fuzzy multiobjective transportation problem using fuzzy linear programming for various cases as follows:
Step 1: The given fuzzy multi-objective transportation problem is a balanced one.
Step 2: Using step3 of the proposed model, the given fuzzy multi-objective transportation problem is converted into a single fuzzy objective problem as follows Step 5: Using step 6 of the proposed method convert the chosen fuzzy multiobjective transportation problem into the following crisp linear programming Minimize: (7.55)x11 + (7.07)x12 + (6.19)x13 + (5.97)x21 + (9.35)x22 + (6.39)x23 + (6.24)x31 + (7.42)x32 + (7.6)x33 . subject to: x11 + x21 + x31 = 5.52 ; x12 + x22 + x32 = 6.76 ; x13 + x23 + x33 = 6.32 ; x11 + x12 + x13 = 6.32 ; x21 + x22 + x23 = 7.55 ; x31 + x32 + x33 = 4.74 . 0 x ij  , for all i=1,2,3. and j=1,2,3.
Step 6: Solve the crisp linear programming problem, obtained in step 5, by using TORA software the optimal solution obtained is: x12 = 2.02, x13 = 4.30, x21 = 5.53, x23 = 2.02, x32 = 4.74.
Step 7: Using step 8 of the proposed model, the minimum fuzzy transportation cost and time respectively are (110. 43 
Step 1: The given fuzzy multiobjective transportation problem is a balanced one.
Step 2: Using step3 of the proposed model, the given fuzzy multiobjective transportation problem is converted into a single fuzzy objective problem as follows Step 5: Using step 6 of the proposed method convert the chosen fuzzy multiobjective transportation problem into the following crisp linear programming Minimize: (7.55)x11 + (7.10)x12 + (6.16)x13 + (6.02)x21 + (9.38)x22 + (6.41)x23 + (6.26)x31 + (7.45)x32 + (7.65)x33 . subject to: x11 + x21 + x31 = 5.43 ; x12 + x22 + x32 = 6.71 ; x13 + x23 + x33 = 6.41 ; x11 + x12 + x13 = 6.41 ; x21 + x22 + x23 = 7.40 ; x31 + x32 + x33 = 4.74 . 0 x ij  , for all i=1,2,3. and j=1,2,3.
Step 6: Solve the crisp linear programming problem, obtained in step 5, by using TORA software the optimal solution obtained is: x12 = 1.97, x13 = 4.44, x21 = 5.43, x23 = 1.97, x32 = 4.74.
Step 7: Using step 8 of the proposed model, the minimum fuzzy transportation cost and time respectively are (110.6, 156.01, 36.11, 43.01) and (107.05, 145.14, 28.9, 35.13).
Step 2: Using step3 of the proposed model, the given fuzzy multiobjective transportation problem is converted into a single fuzzy objective problem as follows Step 5: Using step 6 of the proposed method convert the chosen fuzzy multiobjective transportation problem into the following crisp linear programming Minimize: (7.65)x11 + (7.23)x12 + (6.29)x13 + (6.07)x21 + (9.50)x22 + (6.51)x23 + Step 5: Using step 6 of the proposed method convert the chosen fuzzy multiobjective transportation problem into the following crisp linear programming Minimize: (7.85)x11 + (7.47)x12 + (6.56)x13 + (6.11)x21 + (9.72)x22 + (6.68)x23 + (6.46)x31 + (7.65)x32 + (7.75)x33 . subject to: x11 + x21 + x31 = 6.12 ; x12 + x22 + x32 = 7.20 ; x13 + x23 + x33 = 6.46 ; x11 + x12 + x13 = 6.61 ; x21 + x22 + x23 = 8.14 ; x31 + x32 + x33 = 5.03 . 0 x ij  , for all i=1,2,3. and j=1,2,3.
Step 6: Solve the crisp linear programming problem, obtained in step 5, by using TORA software the optimal solution obtained is: x12 = 2.17, x13 = 4.44, x21 = 6.12, x23 = 2.02, x32 = 5.03.
Step 7: Using step 8 of the proposed model, the minimum fuzzy transportation cost and time respectively are (116. Step 1: The given fuzzy multiobjective transportation problem is a balanced one.
Step 2: Using step3 of the proposed model, the given fuzzy multiobjective transportation problem is converted into a single fuzzy objective problem as follows 0 x ij  , for all i=1,2,3. and j=1,2,3.
Step 6: Solve the crisp linear programming problem, obtained in step 5, by using TORA software the optimal solution obtained is: x12 = 2.02, x13 = 4.39, x21 = 5.58, x23 = 2.00, x32 = 4.79.
Step 7: Using step 8 of the proposed model, the minimum fuzzy transportation cost and time respectively are (111. 49 
Conclusion
In this paper, we have present a new method for ranking generalized LR fuzzy numbers to various linear and non-linear functions of generalized LR fuzzy numbers from its  -cut based on area, mode and spread. The proposed ranking method can efficiently rank various LR fuzzy numbers, their images and crisp numbers which are consider to be a special case of fuzzy numbers and can overcome the drawbacks of the existing ranking methods. We also have presented a fuzzy multi objective transportation model using a linear programming to deal with the fuzzy multi objective transportation problem based on the propsoed ranking method. The proposed fuzzy multiobjective transportation problem has the advantage of allowing the evaluating values to be represented by generalized LR fuzzy numbers for dealing dealing with fuzzy multiobjective transportation problem.
